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sheetAbstract A numerical analysis is performed to investigate the structure of an unsteady boundary
layer ﬂow and heat transfer of a dusty ﬂuid over an exponentially stretching sheet subject to suction.
Thermal radiation, viscous dissipation and internal heat generation/absorption effects are consid-
ered in the energy equation. In order to arrive at nonlinear ordinary differential equations, similar-
ity transformations are deﬁned differently compared to the steady case and these nonlinear
differential equations along with pertinent boundary condition are solved numerically by Runge–
Kutta–Fehlberg 45 method. The heat transfer analysis is carried out for two thermal processes,
namely (i) variable exponential order surface temperature (VEST) and (ii) variable exponential
order heat ﬂux (VEHF). Comparison with known results for certain particular cases is excellent.
Finally the effects of the pertinent parameters which are of physical and engineering interest are
presented in graphical and tabular form.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
To date, an enormous amount of work has been done on the
boundary layer ﬂow and heat transfer with consideration of
the stretching sheet problem. The engineering applications of
the stretching sheet problem include polymer sheet extrusion
from a dye, drawing, tinning and annealing of copper wires,
glass ﬁber and paper production, the cooling of a metallic platein a cooling bath and so on. During the manufacture of these
sheets, the melt issues from a slit and is subsequently stretched
to achieve the desired thickness. The ﬁnal products of desired
characteristics are notably inﬂuenced by the rate of cooling in
the process and the process of stretching. Sakiadis [1] initiated
the boundary layer behavior on a continuous solid surface
moving at constant speed which is quite different from Blas-
ious ﬂow past a ﬂat plate. Crane [2] was the ﬁrst to obtain
an elegant analytical solution to the boundary layer equations
for the problem of steady two-dimensional ﬂow due to a
stretching surface in a quiescent incompressible ﬂuid. The
study of heat transfer has become important industrially for
determining the quality of ﬁnal product which is greatly depen-
dent on the rate of cooling. The heat transfer analysis for the
ﬂow over a linearly stretching sheet with the power law varia-
tion of surface temperature was investigated by Grubka and
Bobba [3]. The problem of nonlinear stretching sheet for
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by different researchers. Among them Anjali Devi and Thiyag-
arajan [4] have made an investigation on the study of nonlinear
stretching sheet for hydromagnetic ﬂow and heat transfer with
an assumption that the magnetic strength is non-linear.
The study of ﬂow and heat transfer past an exponentially
stretching sheet has gained tremendous interest among
researchers due to its wider applications in technology. For
example, in case of annealing and tinning of copper wires.
The ﬁnal product depends on the rate of heat transfer at the
stretching continuous surface with exponential variations of
stretching velocity and temperature distribution. Such studies
have been carried out by Magyari and Keller [5] and have
obtained the similarity solutions which describe the steady
plane boundary layers on an exponentially stretching continu-
ous surface with an exponential temperature distribution both
analytically and numerically. The numerical solution was ob-
tained by Al-odat et al. [6] for the effect of magnetic ﬁeld in
the thermal boundary layer on an exponentially stretching
continuous surface with an exponential temperature distribu-
tion. Following them many researches like [7–9] investigated
the numerical solutions for the boundary layer ﬂow problem
over an exponentially stretching sheet. Later, an analytical
solution for the radiation effects on hydromagnetics Newto-
nian liquid ﬂow due to an exponential stretching sheet was dis-
cussed by Kameswaran et al. [10] and observed that the
increase in values of magnetic parameter results in thickening
of the species boundary layer. Recently, the slip effects on
MHD boundary layer ﬂow over an exponentially stretching
sheet with suction/blowing and thermal radiation was analyzed
by Mukhopadhyay [11] and investigated that the temperature
is found to decrease with an increase in thermal slip parameter.
On the other hand [12,13] have discussed the similarity solu-
tion for ﬂow over an exponentially stretching vertical sheet
by considering the viscous dissipation effect.
All of the above-mentioned studies were carried out under a
steady-state condition. However, in certain aspects, ﬂow be-
comes time dependent due to a sudden stretching of the ﬂat
sheet or by a step change of the temperature or heat ﬂux of
the sheet and, consequently, it becomes necessary to consider
unsteady ﬂow conditions. Very recently Elbashbeshy et al.
[14] derived the similarity transformation for an unsteady expo-
nentially stretching sheet which is different from the steady case
and used Mathematica to solve the system of equations.
The above mentioned investigations deal with the ﬂow and
heat transfer only for ﬂuids induced by stretching sheet. It is
noticed that the ﬂow of dusty ﬂuid over an exponentially
stretching sheet is never reported in the literature. The ﬂuid
ﬂow embedded with dust particles is encountered in a wide
variety of engineering problems concerned with atmospheric
fallout, dust collection, nuclear reactor cooling, powder tech-
nology, acoustics, sedimentation, performance of solid fuel
rock nozzles, rain erosion, guided missiles and paint spraying.
Saffman [15] initiated the work by formulating the governing
equations for the ﬂow of dusty ﬂuid and has discussed the
stability of the laminar ﬂow of a dusty ﬂuid in which the dust
particles are uniformly distributed. Datta and Mishra [16]
studied the boundary layer ﬂow of a dusty ﬂuid over a semi-
inﬁnite ﬂat plate. An analysis of hydromagnetic ﬂow of a dusty
ﬂuid over a stretching sheet with a view to throw adequate
light on the effects of ﬂuid-particle interaction, particle
loading, and suction on the ﬂow characteristics was carriedout by Vajravelu and Nayfeh [17]. In recent years Gireesha
et al. [18,19] have discussed the stretching sheet ﬂow problems
for both steady and unsteady cases with non-uniform heat
source/sink. Very recently, Gireesha and Pavithra [20] have
made an investigation on an exponentially stretching sheet
ﬂow problem for a dusty ﬂuid by considering the viscous dis-
sipation and internal heat generation/absorption.
A quick review of literature shows that this problem is differ-
ent from the above mentioned investigations where the expo-
nential stretching sheet was not taken into consideration for
unsteady dusty ﬂuid. One of the important aspects in this study
is the investigation of heat transfer processes. This is due to the
fact that the rate of cooling inﬂuences a lot to the quality of the
product with desired characteristics. Continuous surface heat
transfer problems havemany practical applications in industrial
manufacturing processes. Such processes are hot rolling, wire
drawing and glass ﬁber production. In modeling the boundary
layer ﬂow and heat transfer of these problems, the boundary
conditions that are usually applied are either a speciﬁed surface
temperature or a speciﬁed surface heat ﬂux. Here two cases are
studied for heat transfer analysis, namely, (i) variable exponen-
tial order surface temperature (VEST case) and (ii) variable
exponential order heat ﬂux at the sheet (VEHF case). Consider-
ing the importance of unsteady hydromagnetic ﬂow and heat
transfer due to an exponentially stretching sheet in the present
study a numerical solution is obtained for an unsteady two
dimensional MHD heat transfer ﬂow in an incompressible ﬂuid
under the inﬂuence of thermal radiation, heat generation/
absorption and viscous dissipation for VEST and VEHF case.
The similarity solution gives a system of non-linear ordinary
differential equations. The obtained equations are solved
numerically using Runge–Kutta–Fehlberg 45 scheme with the
help of Maple software. Graphical results for various values
of the ﬂow parameters are presented to gain thorough insight
toward the physics of the problem.
2. Mathematical formulation and solution of the problem
Consider an unsteady two-dimensional laminar boundary layer
ﬂow and heat transfer of an incompressible viscous dusty ﬂuid
near a wall stretching with velocity Uw and temperature distri-
bution Tw. It is assumed that the surface is stretched with expo-
nential velocity Uwðx; tÞ ¼ U0ð1atÞ ex=L in quiescent ﬂuid and the
surface is maintained at a temperature Twðx; tÞ ¼ T1
þ T0ð1atÞ e
c1x
2L . The x-axis is chosen along the sheet and y-axis nor-
mal to it. The ﬂow is generated as a consequence of exponential
stretching of the sheet, caused by simultaneous application of
equal and opposite forces along x-axis keeping the origin ﬁxed
as in Fig. 1. A uniformmagnetic ﬁeld B is assumed to be applied
in the y-direction and suction S is normal to the sheet.
Using the boundary layer approximations, the equations
for mass and momentum are written in the usual notations as,
@u
@x
þ @v
@y
¼ 0; ð2:1Þ
@u
@t
þ u @u
@x
þ v @u
@y
¼ m @
2u
@y2
þ KN
q
ðup  uÞ  rB
2u
q
; ð2:2Þ
@up
@x
þ @vp
@y
¼ 0; ð2:3Þ
@up
@t
þ up @up
@x
þ vp @up
@y
¼ K
m
ðu upÞ; ð2:4Þ
Figure 1 Schematic representation of boundary layer ﬂow.
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surface in the direction of motion and perpendicular to it,
respectively. (u, v) and ðup; vpÞ denote the velocity components
of the ﬂuid and particle phase along the x and y directions
respectively, m is the coefﬁcient of viscosity of ﬂuid, q is the
density of the ﬂuid phase, K is the Stoke’s resistance, N is
the number density of dust particles, m is the mass concentra-
tion of dust particles, sv ¼ m=K is the relaxation time of parti-
cle phase and r is the electrical conductivity.
In order to solve the governing boundary layer equations
consider the following appropriate boundary conditions on
velocity;
u ¼ Uwðx; tÞ; v ¼ Vwðx; tÞ at y ¼ 0;
u! 0; up ! 0; vp ! v; as y!1; ð2:5Þ
where Uwðx; tÞ ¼ U0ð1atÞ e
x
L is the sheet velocity and
VwðxÞ ¼ S
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U0m
2Lð1atÞ
q
e
x
2L is the suction velocity, U0 is reference
velocity, L is the reference length and S > 0 is a suction
parameter.
The governing Eqs. (2.1)–(2.4) subject to the boundary con-
ditions (2.5) are reduced to coupled non-linear ordinary differ-
ential equations by introducing following similarity
transformations,
u¼ U0ð1 atÞ e
x
Lf 0ðgÞ; v¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U0m
2Lð1 atÞ
s
e
x
2L½fðgÞ þ gf 0ðgÞ;
up ¼ U0ð1 atÞ e
x
LF 0ðgÞ; vp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U0m
2Lð1 atÞ
s
e
x
2L½FðgÞ þ gF 0ðgÞ;
g¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U0
2mLð1 atÞ
s
e
x
2Ly; B¼ B0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1 atÞp e x2L;
ð2:6Þ
where B0 is the magnetic ﬁeld ﬂux density.
In view of these relations and on equating the co-efﬁcient of
x
L
 0
on both sides, Eqs. (2.2) and (2.4) become
f 000ðgÞþ fðgÞf 0ðgÞ2f 0 gð Þ2þ2lb½F 0ðgÞ f 0ðgÞA½2f 0ðgÞ
þgf 0ðgÞMf 0ðgÞ¼ 0; ð2:7Þ
FðgÞF 0ðgÞ2F 0 gð Þ2þ2b½f 0ðgÞF 0ðgÞA½gF 0ðgÞ2F 0ðgÞ¼ 0; ð2:8Þ
where prime denotes the differentiation with respect to g and
l ¼ mNq is the mass concentration, b ¼ LsvU0 ð1 atÞ is the ﬂuid-
particle interaction parameter for velocity, A ¼ aL
u0
is the
unsteady parameter which measures the unsteadiness and
M ¼ 2rB20LqU0 is the magnetic parameter. With the help of similar-
ity transformations the boundary conditions (2.5) will become,f 0ðgÞ ¼ 1; fðgÞ ¼ S at g¼ 0;
f 0ðgÞ ¼ 0; F 0ðgÞ ¼ 0; FðgÞ ¼ fðgÞþ gf 0ðgÞ gF 0ðgÞ as g!1:
ð2:9Þ
The important physical parameter for the boundary layer ﬂow
is the skin-friction coefﬁcient which is deﬁned as,
Cf ¼ sw
qU2w
; ð2:10Þ
where the skin friction sw is given by,
sw ¼ l @u
@y
 
y¼0
: ð2:11Þ
Using the non-dimensional variables, one obtains,ﬃﬃﬃﬃﬃﬃﬃﬃ
2Re
p
Cf ¼ f 0ð0Þ;
where Re ¼ U0Lm is the Reynolds number.
3. Heat transfer analysis
The unsteady boundary layer heat transport equations for
both ﬂuid and dust phases in the presence of thermal radiation
with viscous dissipation and heat generation/absorption for
two dimensional ﬂows are given by,
qcp
@T
@t
þ u @T
@x
þ v @T
@y
 
¼ k @
2T
@y2
þNcp
sT
ðTp  TÞ
þN
sv
ðup  uÞ2  @qr
@y
þ l @u
@y
 2
þQðT T1Þ; ð3:1Þ
Ncm
@Tp
@t
þ up @Tp
@x
þ vp @Tp
@y
 
¼ Ncp
sT
ðTp  TÞ; ð3:2Þ
where T and Tp are the temperatures of the ﬂuid and dust par-
ticle inside the boundary layer, cp and cm are the speciﬁc heat
of ﬂuid and dust particles, sTis the thermal equilibrium time,
i.e., the time required by a dust cloud to adjust its temperature
to that of ﬂuid, k is the thermal conductivity, sv is the relaxa-
tion time of the of dust particle, i.e., the time required by a dust
particle to adjust its velocity relative to the ﬂuid and Q repre-
sents the heat source when Q > 0 and the sink when Q < 0 and
qr is the radiative heat ﬂux.
Using the Rosseland approximation [7] for radiation, radi-
ative heat ﬂux is simpliﬁed as
qr ¼ 
4r
3k
@T4
@y
; ð3:3Þ
where r and k are the Stefan–Boltzman constant and the
mean absorption co-efﬁcient respectively. T4 is expressed as
a linear function of the temperature, and hence we get
T4 ¼ 4T31T 3T41: ð3:4Þ
Using (3.3) and (3.4), Eq. (3.1) can be written as,
qcp
@T
@t
þ u @T
@x
þ v @T
@y
 
¼ kþ 16r
T31
3k
 
@2T
@y2
þNcp
sT
ðTp  TÞ þNsv ðup  uÞ
2
þ l @u
@y
 2
þQðT T1Þ: ð3:5Þ
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heating process, namely
(1) Variable exponential order surface temperature (VEST).
(2) Variable exponential order heat ﬂux (VEHF).Table 1 Comparison of the results of skin friction co-efﬁcient
f00ð0Þ and wall temperature gradient h0ð0Þ for an unsteady
case.
Elbashbeshy et al. [14] Present study
f00ð0Þ 1.41266 1.41263
h0ð0Þ 0.48752 0.48755
Table 2 Comparison of the results for the dimensionless wall
temperature gradient h0ð0Þ [VEST case] by varying the Pr
with b ¼M ¼ A ¼ R ¼ k ¼ N ¼ S ¼ 0.
Pr Elbashbeshy et al. [14] Present study
0.72 0.76728 0.76762
1.0 0.95478 0.95474
2.0 1.47146 1.47144
3.0 1.86907 1.86904
5.0 2.50013 2.50012
10.0 3.66037 3.66035Case 1: Variable exponential order surface temperature:For
this heating process, employ the following boundary
conditions;
T ¼ Twðx; tÞ at y ¼ 0;
T! T1; Tp ! T1 as y!1; ð3:6Þ
where Twðx; tÞ ¼ T1 þ T0ð1atÞ e
c1x
2L is the temperature distribu-
tion in the stretching surface, T0 is a reference temperature
and c1 is a constant.Introduce the dimensionless variables for
the temperatures hðgÞ and hpðgÞ as,
hðgÞ ¼ T T1
Tw  T1 ; hpðgÞ ¼
Tp  T1
Tw  T1 ; ð3:7Þ
where T T1 ¼ T0ð1atÞ e
c1x
2L hðgÞ. Using the similarity variable g
and Eq. (3.7) into Eqs. (3.5) and (3.2) and on equating the
co-efﬁcient of x
L
 0
on both sides, one can arrive at the follow-
ing system of equations:
1þ 4R
3
 
h 00ðgÞ þ Pr½fðgÞh 0ðgÞ  c1f 0ðgÞhðgÞ
þ 2N
q
bTPr½hpðgÞ  hðgÞ þ 2
N
q
bPrEc½F 0ðgÞ  f 0ðgÞ2
 APr½gh 0ðgÞ þ 4hðgÞ þ 2kPrhðgÞ þ PrEc½f 0ðgÞ2 ¼ 0; ð3:8Þ
c1F
0ðgÞhpðgÞ  FðgÞh 0p ðgÞ þ 2cbT½hpðgÞ  hðgÞ
þ A gh 0p ðgÞ þ 4hpðgÞ
h i
¼ 0; ð3:9Þ
where R ¼ 4rT31
kk is the radiation parameter, Pr ¼ lCpk is the Pra-
ndtl number, Ec ¼ U20
CpT0
is the Eckert number, c ¼ cp
cm
is the ratio
of speciﬁc heat, b ¼ LsvU0 ð1 atÞ and bT ¼ LsTU0 ð1 atÞ are the
ﬂuid-particle interaction parameters for velocity and heat
transfer respectively, A ¼ aL
u0
is the unsteady parameter,
k ¼ QL2lCpRe ð1 atÞ is the dimensionless heat source/sink param-
eter, Re ¼ U0Lm is the Reynolds number.
Corresponding thermal boundary conditions become,
hðgÞ ¼ 1 at g ¼ 0;
hðgÞ ! 0; hpðgÞ ! 0 as g !1: ð3:10Þ
Case 2: Variable exponential order heat ﬂux: For this heat-
ing process, consider the boundary conditions as follows;
@T
@y
¼  qwðx; tÞ
k
at y ¼ 0;
T! T1; Tp ! T1 as y!1; ð3:11Þ
where qwðx; tÞ ¼ T1ð1atÞ e
ðc1þ1Þx
2L and T1 is reference tempera-
ture.Again using the similarity variable g and Eq. (3.7) into
Eqs. (3.5) and (3.2) and by equating the co-efﬁcients of x
L
 0
on both sides, we get the system of equations as in Eqs. (3.8)
and (3.9) with Eckert number Ec ¼ kU20
CpT1
ﬃﬃﬃﬃﬃ
U0
2mL
q
, which is different
from the VEST case, and all other parameters are the same asin VEST case. The corresponding thermal boundary condi-
tions become,
h 0ðgÞ ¼ 1 at g ¼ 0;
hðgÞ ! 0; hpðgÞ ! 0 as g !1: ð3:12Þ
The important physical parameter for the heat transfer coefﬁ-
cient which is deﬁned as,
Nux ¼ xqw
kðTw  T1Þ ; ð3:13Þ
where the heat transfer from the sheet qw is given by
qw ¼ k
@T
@y
 
y¼0
: ð3:14Þ
Using non-dimensional variables, one obtains,
Nuxﬃﬃﬃﬃﬃﬃﬃﬃ
2Re
p ¼  x
2L
h 0ð0Þ ðVEST caseÞ and
Nuxﬃﬃﬃﬃﬃﬃﬃﬃ
2Re
p ¼ x
2L
1
hð0Þ ðVEHF caseÞ:4. Numerical solution
Eqs. (2.7), (2.8) and (3.8), (3.9) for both VEST and VEHF
cases are the system of highly non-linear ordinary differential
equations. These equations are solved numerically using
RKF-45 method with the help of an algebraic software Maple.
In this method, it is necessary to choose suitable ﬁnite values of
g !1 as g ¼ 5.
Here we have given the comparison of our results of f 00ð0Þ
and h 0ð0Þ for both steady and unsteady cases with Elbashbe-
shy et al. [14] as tabulated in Tables 1 and 2 respectively. From
these tables, one can notice that there is a close agreement with
these approaches and thus verify the accuracy of the method
used. Further, we studied the effects of thermal radiation, vis-
cous dissipation and heat generation/absorption on velocity
and temperature proﬁles and are depicted graphically for
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particle interaction parameter ðbÞ, unsteady parameter ðAÞ,
magnetic parameter ðMÞ, suction parameter ðSÞ, radiation
parameter ðRÞ, heat source/sink parameter ðkÞ, number density
ðNÞ, Prandtl number ðPrÞ and Eckert number ðEcÞ. The ther-
mal characteristics at the wall are examined for the values of
skin friction co-efﬁcient, temperature gradient in VEST case
and the temperature in VEHF case are also tabulated in
Table 3.5. Results and discussion
By Runge–Kutta–Fehlberg 45 method the numerical results
are obtained for a variety of physical parameters for both
VEST and VEHF cases. The numerical calculations are pre-
sented in the form of non-dimensional velocity and tempera-
ture proﬁles for the purpose of discussing the result. The
calculated results are presented in Figs. 2–14 to understand
the effects of parameters on the ﬂow and temperature ﬁeld.
In order to validate the method and to judge the accuracy of
the present analysis, comparison of the skin friction coefﬁcient
and Nusselt numbers for steady and unsteady cases with avail-
able results of Elbashbeshy et al. [14] are made (see Table 1 and
2) and found in excellent agreement. We have used the values
of bT ¼ 0:6; c1 ¼ 1; q ¼ 1 and l ¼ 0:1 throughout our analysis.Table 3 Values of skin friction co-efﬁcient f00ð0Þ, rate of heat trans
Case).
b A M S k R N
0.2
0.6 0.1 0.5 0.5 0.1 0.5 0.5
1
0
0.6 0.1 0.5 0.5 0.1 0.5 0.5
0.2
0.5
0.6 0.1 1.0 0.5 0.1 0.5 0.5
1.5
0
0.6 0.1 0.5 0.5 0.1 0.5 0.5
1.0
0.1
0.6 0.1 0.5 0.5 0 0.5 0.5
0.1
0.5
0.6 0.1 0.5 0.5 0.1 1.0 0.5
1.5
0.5
0.6 0.1 0.5 0.5 0.1 0.5 1.0
1.5
0.6 0.1 0.5 0.5 0.1 0.5 0.5
0.6 0.1 0.5 0.5 0.1 0.5 0.5Fig. 2 shows the plot of dimensionless velocity proﬁles f 0ðgÞ
and F 0ðgÞ for different values of unsteady parameter ðAÞ.
From this one can observe that the velocity for both ﬂuid
and dust phases decreases with increasing values of the unstea-
dy parameter. It is interesting to note that the thickness of
boundary layer increases with increasing values of A. In
Fig. 3, the velocity proﬁles are shown for different values of
ﬂuid-particle interaction parameter ðbÞ. It is noticed from this
ﬁgure that the velocity proﬁle decreases with increasing values
of b for ﬂuid phase and increases for dust phase in the bound-
ary layer. The effect of increasing value of b is to reduce the
velocity f 0ðgÞ and thereby increase the boundary layer thick-
ness. Also it reveals that for large values of b, i.e., the relaxa-
tion time of the dust particles decreases, then the velocities of
both ﬂuid and dust particle will be the same.
The effect of suction parameter (S) on velocity proﬁles for
ﬂuid and dust phase is illustrated graphically through Fig. 4.
The velocity curves show that the rate of transport decreases
with increasing values of suction parameter for both ﬂuid
and dust phase. So that the momentum boundary layer be-
comes thinner. Fig. 5 gives clearly the effect of magnetic
parameter (M) on the velocity proﬁle. Further, it explains that
as magnetic ﬁeld parameter increases, it decreases the velocity
proﬁles. This is due to the fact that, the introduction of trans-
verse magnetic ﬁeld (normal to the ﬂow direction) has a ten-
dency to create a drag, known as Lorentz force which tendsfer h00ð0Þ (for VEST Case) and wall temperature hð0Þ (for VEHF
Pr Ec f00ð0Þ h0ð0Þ hð0Þ
(VEST Case) (VEHF Case)
1.78321 0.68209 1.37457
0.72 0.5 1.79715 0.67457 1.38364
1.80608 0.67183 1.38699
1.75075 0.52678 1.67210
0.72 0.5 1.79715 0.67457 1.38364
1.84300 0.79060 1.21749
1.79715 0.67457 1.38364
0.72 0.5 1.95373 0.64168 1.43029
2.09640 0.61316 1.47180
1.53721 0.58731 1.56744
0.72 0.5 1.79715 0.67457 1.38364
2.09859 0.77310 1.23056
 0.80707 1.19781
0.72 0.5  0.74424 1.27952
– 0.67457 1.38364
– 0.67457 1.38364
0.72 0.5 – 0.55465 1.65387
– 0.48328 1.88666
– 0.67457 1.38364
0.72 0.5 – 0.79222 1.21330
– 0.89548 1.09627
0.72 – 0.67457 1.38364
1 0.5 – 0.82317 1.16696
1.5 – 1.05745 0.95894
0 – 0.84824 1.17889
0.72 0.5 – 0.67457 1.38364
1 – 0.50090 1.58838
Figure 2 Effect of A on velocity proﬁles.
Figure 3 Effect of b on velocity proﬁles.
Figure 4 Effect of S on velocity proﬁles.
Figure 5 Effect of M on velocity proﬁles.
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thickness increases with increase in magnetic parameter.
Variation in temperature proﬁles hðgÞ and hpðgÞ for ﬂuid
and dust phase due to the unsteady parameter ðAÞ is visualized
through Fig. 6. It is observed that temperature of ﬂuid and
dust phase is found to decrease with increase in unsteady
parameter. Physically it means that the temperature gradientat the surface increases as A increases, which implies the in-
crease in heat transfer rate h 0ð0Þ at the surface. This shows
an important fact that the rate of cooling is much faster for
higher values of unsteadiness parameter, where it may take a
longer time in steady ﬂows.
The temperature proﬁles for different values of the ﬂuid-
particle interaction parameter ðbÞ for both VEST and VEHF
cases are presented graphically in Fig. 7. It shows that the tem-
perature increases as b increases for both ﬂuid and dust phase,
in both VEST and VEHF cases. Also one can observe that
ﬂuid phase temperature is higher and parallel than that of dust
phase.
Now we discussed the effects of magnetic parameter ðMÞ on
the temperature proﬁles hðgÞ and hpðgÞ for both VEST and
VEHF cases and are depicted as in Fig. 8. From this ﬁgure,
we detect that the temperature proﬁles increase with increase
in magnetic ﬁeld parameter ðMÞ and also it indicates that both
the ﬂuid and dust particle temperature are parallel to each
other. This is true for both VEST and VEHF cases. The vari-
ation in temperature for varying values of suction parameter
ðSÞ on heat transfer for VEST and VEHF cases are demon-
strated as in Fig. 9 respectively. It explains that the tempera-
ture decreases as S increases which results in thinning of
thermal boundary layer thickness.
Fig. 10 represents the effect of radiation parameter ðRÞ on
temperature proﬁles for both VEST and VEHF cases. Numer-
ically increasing the radiation parameter enhances the heat
transfer, physically increasing the radiation parameter pro-
duces a signiﬁcant increase in the thickness of thermal bound-
ary layer. In fact, the radiation parameter decreases the ﬂuid
temperature. This is because as the radiation parameter
increases, the mean Rosseland absorption co-efﬁcient k
decreases (for some thermal conductivity k). Hence the thermal
radiation factor is better suitable for cooling process. Fig. 11
portrays the temperature distributions hðgÞ and hpðgÞ for dif-
ferent values of heat source/sink parameter ðkÞ. We infer from
this ﬁgure that the thermal boundary generates the energy and
this causes the temperature to increase with an increase in the
heat source parameter, whereas for the case of heat sink, the
temperature decreases.
Next we discuss the effects of number density ðNÞ on the
temperature proﬁles for both VEST and VEHF cases which
are graphically represented in Fig. 12. It shows that
Figure 6 Effect of A on temperature proﬁles for both VEST and VEHF cases.
Figure 7 Effect of b on temperature proﬁles for both VEST and VEHF cases.
Figure 8 Effect of M on temperature proﬁles for both VEST and VEHF cases.
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in Fig. 13 exhibits the role of Prandtl number ðPrÞ on temper-
ature proﬁles for both VEST and VEHF cases. In heat transfer
problems, the Prandtl number controls the relative thickness of
the momentum and thermal boundary layers. When Pr issmall, it means that the heat diffuses very quickly when com-
pared to the velocity (momentum). This means that for liquid
metals the thickness of the thermal boundary layer is much
bigger than the velocity boundary layer. Hence Prandtl num-
ber can be used to increase the rate of cooling. Increase in
Figure 9 Effect of S on temperature proﬁles for both VEST and VEHF cases.
Figure 10 Effect of R on temperature proﬁles for both VEST and VEHF cases.
Figure 11 Effect of k on temperature proﬁles for both VEST and VEHF cases.
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tion and hence decrease in the boundary layer thickness.
The effect of viscous dissipation in terms of Eckert number
ðEcÞ on temperature proﬁles with g is displayed graphically in
Fig. 14. Viscous dissipation changes the temperature distribu-
tion by playing the role like an energy source, which affectsheat transfer rates. Here the temperature increases with
increase in the values of Ec, due to heat energy stored in the
liquid by virtue of frictional heating. This is true in both the
cases.
Fig. 15 shows the nature of skin-friction coefﬁcient
against suction parameter (S) for different values magnetic
Figure 12 Effect of N on temperature proﬁles for both VEST and VEHF cases.
Figure 13 Effect of Pr on temperature proﬁles for both VEST and VEHF cases.
Figure 14 Effect of Ec on temperature proﬁles for both VEST and VEHF cases.
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It reveals that skin-friction coefﬁcient decreases with suction
and magnetic parameter as well as for ﬂuid-particle interac-
tion parameter.
Fig. 16 displays the nature of heat transfer coefﬁcient for
both VEST and VEHF cases against radiation parameterðRÞ for different values of Eckert number ðEcÞ. Heat transfer
increases for both radiation parameter and Eckert number.
Rate of heat transfer increases with k but decreases with
Prandtl number which is shown in Fig. 17. It is also evident
that h 0ð0Þ is negative means of heat transfer and hð0Þ is posi-
tive means of heat absorption.
Figure 15 Effect of M and b on skin friction coefﬁcient against S.
Figure 17 Effect of k and Pr on heat transfer for both VEST and VEHF cases.
Figure 16 Effect of R and Ec on heat transfer for both VEST and VEHF cases.
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The present discussion gives the solutions for unsteady
boundary layer ﬂow and heat transfer of a dusty ﬂuid overan exponential stretching surface with viscous dissipation
and heat source/sink in presence of thermal radiation and
suction. The efﬁcient numerical method of Runge–Kutta–
Fehlberg 45 scheme is used to solve the governing equations.
Unsteady ﬂow and heat transfer of a ﬂuid-particle suspension over an exponentially stretching sheet 623The major ﬁndings from the present study can be summa-
rized as follows:
 Fluid phase temperature is higher than that of dust phase.
 The effect of the ﬂuid-particle interaction parameter is
favorable for the dust-phase velocity and unfavorable for
ﬂuid-phase velocity.
 An increase in unsteady parameter is to decreases the
momentum and thermal boundary layer thicknesses.
 The ﬂuid will slow down as the magnetic parameter increases,
so the effect of magnetic ﬁeld becomes more signiﬁcant.
 The momentum boundary layer becomes thinner for the
effect of suction parameter.
 The effect of heat source/sink on temperature is quite oppo-
site to that of suction parameter.
 Radiation should be kept minimum by regulating the tem-
perature of the system for both the phases and in both
VEST and VEHF cases.
 The temperature distribution in the ﬂow region is increased
by the effect of viscous dissipation of the ﬂuid.
 Thermal boundary layer thickness decreases with increase
in Prandtl number.
 The skin friction co-efﬁcient decreases with increase in the
unsteadiness, magnetic, suction and the ﬂuid-particle inter-
action parameters.
 The Nusselt number increases with increase in magnetic
ﬁeld, thermal radiation, heat generation/absorption and
the ﬂuid-particle interaction parameter, while it decreases
with increasing values of Prandtl number, number density,
unsteadiness and the suction parameter.
 It is found that our results coincide with the results of
Elbashbeshy et al. [14] for both the steady and unsteady
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